We show that resonant wave mixing that is due to quadratic nonlinearity can support stable bright spatial solitons, even in the most counterintuitive case of a bulk medium with defocusing Kerr nonlinearity. We analyze the structure and stability of such self-guided beams and demonstrate that they can be generated from a Gaussian input beam, provided that its power is above a certain threshold.
1
However, theoretical and experimental results indicate that multidimensional bright solitons can exist in noncentrosymmetric materials with quadratic [or x ͑2͒ ] nonlinearity. 2 In this Letter we demonstrate an important feature of the parametric self-trapping induced by resonant wave mixing in x ͑2͒ media. We show that even a weak quadratic nonlinearity can lead to self-focusing and stable bright solitons in a bulk medium with defocusing Kerr nonlinearity, provided that the fundamental and its second harmonic are nearly phase matched. This means that the parametric interaction in a x ͑2͒ medium can be strong enough not only to suppress the beam broadening that is due to diffraction but also to overcome the broadening effect of the defocusing Kerr nonlinearity.
We consider beam propagation in noncentrosymmetric lossless bulk media with defocusing cubic nonlinearity, described by the dimensionless equations
which are valid when spatial walk-off is negligible and the fundamental frequency v 1 and its second harmonic v 2 2v 1 are far from resonance. In this Letter we are interested in ͑2 1 1͒-dimensional bright solitary waves, and therefore we look for spatially localized solutions to Eqs. (1) and (2) of the form w͑r, z͒ w 0 ͑r͒exp͑ilz͒,
where the real and radially symmetric functions w 0 ͑r͒ and v 0 ͑r͒ decay monotonically to zero as r p x 2 1 y 2 increases. The real propagation constant l must be above cutoff, l . l c max͑0, 2b͞4͒, for w 0 and v 0 to be exponentially localized. For a large class of materials and experimental settings we can neglect the dispersion of x ͑3͒ and setx
2s , and it is further reasonable to setx
1c . In this case we get h 2r 16, which we use below. These values were also used in earlier papers on competing x ͑2͒ and x ͑3͒ nonlinearities. 3, 5 The existence of localized solutions to Eqs. (1) and (2) is a nontrivial issue. When w 0 0, Eqs. (1) and (2) Therefore, if bright spatial solitons should exist in defocusing Kerr media, both components should be nonzero, w 0 fi 0 and v 0 fi 0 (combined or C solutions 5 ). Using a standard relaxation scheme, we numerically found the families of localized C solutions [Eqs. (3)] to Eqs. (1) and (2) for the allowed values of l and b.
In Fig. 1 we show examples of the prof iles w 0 ͑r͒ and v 0 ͑r͒ for b 0.1 and different values of l. When l is small (i.e., low power), the profiles resemble the sechshaped solitons that exist in self-focusing Kerr media [ Fig. 1(a) ]. Increasing l also increases the beam amplitude [ Fig. 1(b) ]. However, for suff iciently large values of l (or of the power), the amplitudes saturate, and the beam broadens significantly [ Fig. 1(c) ] because of the defocusing effect of the cubic terms in Eqs. (1) and (2) . Above l ഠ 0.00656, no localized solutions exist. Similarly, near the cutoff l c 0, the beam width increases rapidly and the amplitude decreases. Below the cutoff, no localized solution exist.
In Fig. 2 we show the amplitude of the C solutions, w 0 ͑0͒ and v 0 ͑0͒, and their power P as function of l for two particular values of b. Clearly the solutions exist in a limited region only, ranging from the cutoff l c to a certain upper limit at which the beam power tends to inf inity, even though the amplitude saturates, ref lecting the defocusing effect of the Kerr nonlinearity. For b 0.1 the power increases monotonically with l, whereas for b 20.02 it decreases in a narrow interval above the cutoff. In both cases there is a power threshold below which no solutions exist.
The Vakhitov -Kolokolov stability criterion, ≠N ͞ ≠l . 0, has been shown to apply to solitary waves supported by pure x ͑2͒ nonlinearity. 7 Its derivation for Eqs. (1) and (2) is similar. According to this criterion the solutions are stable in the whole region of existence for b 0.1, whereas for b 20.02 they become unstable in a narrow region above cutoff.
We made a series of calculations as shown in Fig. 2(b) , found ≠N͞≠l, and identified the regions of existence and stability of the C solutions in the ͑l, b͒ plane. The results are summarized in Fig. 3(a) . In regions I and II no localized solutions exist, in region I because l is below cutoff and in region II because the defocusing effect of the cubic nonlinearity becomes dominant. For b , 0 there is a narrow band [magnified f ive times in Fig. 3(a) to show it] where solutions exist but are unstable. This result is to be expected because the instability also exists for pure x ͑2͒ nonlinearity. 7 Stable solitons exist in the hatched region. We have confirmed their stability to propagation by simulation of Eqs. (1) and (2) for representative cases. In Fig. 3(b) we show the power of the stable solitons. As is also evident from Fig. 2(b) , the stable solitons exist for all powers above a certain threshold.
Two physical effects are apparent from Fig. 3 Ref. 5) . Similarly, for f ixed b, solitons exist only when the maximum intensity, or equivalently, l is sufficiently small. When the intensity, or l, becomes too high, the defocusing Kerr nonlinearity is again dominant, prohibiting the existence of stable bright solitons. This phenomenon is due to the competition between two kinds of nonlinearity and is qualitatively similar to, e.g., the effect of self-trapping in media with focusing cubic and defocusing quintic nonlinearity. 8 We numerically analyzed the generation of bright solitons from a Gaussian input beam with power P 14.1 at the fundamental, without seeding of the second harmonic, corresponding to the filled circles in Fig. 3(b) . The results, presented in Fig. 4 , show two characteristic types of evolution. When the effective mismatch is sufficiently large, b 0.29, the input power is below threshold, and the evolution is strongly affected by the defocusing Kerr effect. Therefore the beam rapidly diffracts [ Fig. 4(a) ]. When the mismatch is so small ͑ b 0.1͒ that the input power is sufficiently above threshold (part of the power is always lost to radiation), the parametric focusing is stronger, and we observe the formation of a localized self-trapped beam [ Fig. 4(b) ].
To get a feeling for the powers, nonlinear coefficients, and degree of phase matching required for generation of these bright solitons, we consider a fundamental wavelength of l 1 1.064 mm, a phase mismatch of k 610 23 , andx 2 Dk͞k 1 , where n 1 is the refractive index at the fundamental frequency. From the dimensionless threshold power shown in Fig. 3(b) and the parameter def initions given below Eqs. (1) and (2) we can then calculate the physical threshold power as function of x ͑3͒ 1s . The result is shown in Fig. 5 . For example, for KTP withx ͑2͒ 1 5.6 pm͞V and a phase mismatch of k 10 23 the threshold is of the order of 10 kW for a rather wide range ofx ͑3͒ 1s values and is thus of the same order as the power in the solitons observed in KTP. 9 When jx ͑3͒ 1s j increases or jx ͑2͒ 1 j decreases, the required power increases. For a negative wave-vector mismatch, Dk , 0, the threshold power is always higher and thex ͑3͒ 1s region in which stable solitons exist is always narrower than for the corresponding positive mismatch.
Consider k 10 23 and the Gaussian initial condition used in Fig. 4 , which generated a soliton for b 0.1. For a fixed effective mismatch of b 0.1, the ratio of the nonlinearity coefficients is f ixed at x 3 ͞x 2 2 24.2. Hence this input beam has a f ixed FWHM width of 42 mm, a power of x 2 22 3 42.5 kW, and a peak intensity of x 2 22 3 4.2 GW͞cm 2 , where the normalized nonlinearity coefficients are def ined as x 2 x ͑2͒ 1 ͑͞5.6 pm͞V͒ and x 3 x ͑3͒ 1s ͑͞10 3 pm 2 ͞V 2 ͒. In conclusion, we have analyzed the effect of quadratic nonlinearity on the existence and stability of bright spatial solitons in bulk media with defocusing Kerr nonlinearity. We have shown that stable bright spatial solitons can exist because of parametrically induced self-focusing and that they can be generated from Gaussian input beams with experimentally reasonable powers. From a physical point of view this phenomenon indicates an important feature of cascaded nonlinearities, permitting self-focusing effects even in a defocusing Kerr medium.
